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A new quantization sheme for a massive salar eld in de Sitter spaetime is proposed, based on
the general boundary formulation of quantum eld theory. We show that the general interating
theory an be onsistently desribed in terms of the S-matrix for spatial asymptoti states. The
new S-matrix results to be equivalent to the standard one in situations where both apply. This is
due to the existene of an isomorphism between the orresponding asymptoti state spaes.
PACS numbers: 11.55.-m, 04.62.+v
The most studied example of quantum eld the-
ory in urved spaetime is probably the theory of a
salar eld in de Sitter spae. Indeed the model is
simple enough to be solved analytially and there-
fore the properties of the eld an be studied in
detail. In partiular the thermal properties of the
vauum state, related to the phenomenon of par-
tile reation, have been onsidered [1℄. Moreover,
the quantum dynamis of the eld is of speial im-
portane for inationary osmologial models where
de Sitter spae desribes a universe in exponential
expansion [2℄. De Sitter spae has also attrated
new interest in onnetion with the onjeture of the
dS/CFT orrespondene proposed almost a deade
ago by Strominger [3℄.
In this letter we expose a new quantization sheme
for a massive salar eld in de Sitter spaetime based
on the general boundary formulation (GBF) of quan-
tum eld theory. The results presented here are
mainly intended as a ontribution to the GBF pro-
gram, and represent indeed the rst study of QFT
in a urved spaetime within the GBF. Furthermore,
the quantization sheme we introdue provides a new
framework to analyze the results obtained or pro-
posed so far in literature.
In a series of papers [4, 5, 6, 7, 8, 9℄ it has been
shown that the GBF provides a viable desription of
the dynamis of quantized elds. Not only this new
formulation an reover known results of standard
QFT, but more interesting the GBF an handle sit-
uations where the methods of standard QFT fail. In
QFT, dynamis is desribed in terms of the evolu-
tion of initial data from an initial Cauhy surfae
to a nal Cauhy surfae. Therefore, this standard
piture involves a spaetime region bounded by the
disjoint union of two Cauhy surfaes. In the GBF
evolution aquires a more general desription: The
boundary of the spaetime region where dynamis
takes plae an have arbitrary form and is not re-
∗
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quired to redue to the disjoint union of two Cauhy
surfaes.
The main novelty of the GBF resides in assoiat-
ing Hilbert spaes of states to arbitrary hypersur-
faes in spaetime and amplitudes to spaetime re-
gions and states living on their boundaries. For a
regionM of spaetime, the amplitude is a map from
the Hilbert spae H∂M assoiated with the bound-
ary ∂M of the region to the omplex numbers. The
formal expression of the amplitude ρ, for a state
ψ ∈ H∂M , is given in terms of the Feynman path
integral ombined with the Shrödinger representa-
tion for quantum states,
ρM (ψ) =
∫
Dϕψ(ϕ)
∫
φ|∂M=ϕ
Dφ eiSM (φ), (1)
where the outer integral is over all eld ongura-
tions ϕ on ∂M , and the inner integral is over all eld
ongurations φ in the spaetime region M math-
ing ϕ on the boundary. Finally, a physial inter-
pretation an be given to suh amplitudes and an
appropriate notion of probability an be extrated
from them [5, 6℄.
So far this formalism has been applied only to
the study of at-spaetime-based QFT. There the
standard S-matrix for an interating salar eld has
been shown to be equivalent to the one derived for
free asymptoti quantum states at spatial innity.
The notion of spatial asymptoti state omes from
the geometry onsidered: In partiular, in Minkow-
ski spaetime states were dened on an hyperylin-
der, namely the boundary of a threeball in spae
extended over all of time, and then the radius of the
ball was sent to innity.
The struture of this work follows that of [7℄. So,
in the following we will evaluate the S-matrix for o-
herent states on spaelike hypersurfaes of onstant
onformal de Sitter time. Then, the asymptoti am-
plitude will be derived for oherent states dened on
an analogue of the hyperylinder in de Sitter spae.
Finally, by onstruting an isomorphism between the
respetive state spaes, we prove the equivalene of
these two types of amplitude.
2We onsider de Sitter spaetime with the metri
ds2 =
1
H2t2
(
dt2 − dx2) , (2)
where H is the Hubble onstant, the onformal time
t takes values in the interval ]0,∞[ and x ∈ R3 are
oordinates on the equal time hypersurfaes. Suh
oordinates over only half of de Sitter spaetime.
The remaining half an be inluded by simply ex-
tending the domain of t to ]−∞,∞[, [10℄. We start
with the derivation of the standard transition am-
plitude by omputing the amplitude (1) for a spae-
time regionM bounded by two equal time hypersur-
faes, Σ1 and Σ2, dened respetively by the values
t1 and t2 of the onformal time t: M = [t1, t2]×R3.
Then the state spae assoiated with the bound-
ary ∂M = Σ1 ∪ Σ2 results to be the tensor prod-
ut H1 ⊗ H∗2 of the Hilbert spaes dened on the
hypersurfaes Σ1 and Σ2. Following [7℄ we intro-
due oherent states; their wave funtion at time t
is parametrized by a omplex funtion ξ on momen-
tum spae, and in the interation piture their form
is
ψt,ξ(ϕ) = Kt,ξ
×exp
(∫
d3xd3k
(2pi)3
ξ(k)
eik·x
Hν(kt)t3/2
ϕ(x)
)
ψt,0(ϕ),
(3)
where Kt,ξ is a normalization fator, ψt,0(ϕ) is the
vauum wave funtion derived in [11℄, Hν is the Han-
kel funtion of order ν =
√
9
4 − M
2
H2 , M denotes the
mass of the salar eld and we assume ν real.
Consider rst the free theory. The amplitude (1),
denoted by the subsript 0, assoiated with the ten-
sor produt of oherent states ψt1,ξ1 ⊗ψt2,ξ2 is inde-
pendent of times t1 and t2 and an be written as
ρM,0(ψξ1 ⊗ ψξ2) = exp
(
piH2
4
∫
d3k
(2pi)3
×
(
ξ2(k)ξ1(k)− 1
2
|ξ1(k)|2 − 1
2
|ξ2(k)|2
))
. (4)
Beause of independene of initial and nal time, the
above expression represents the S-matrix desribing
the transition from the oherent state dened by ξ1
(in the asymptoti past) to the oherent state de-
ned by ξ2 (in the asymptoti future).
As an intermediate step in the omputation of the
S-matrix for the general interating theory, we on-
sider the interation of the salar eld with a soure
eld µ of the form
∫
d4x
√−g φ(x)µ(x), and we as-
sume that µ vanishes outside the spaetime region
onsidered here, namely µ|t/∈]t1,t2[ = 0. Adding suh
interation term to the free ation yields for the am-
plitude (1), denoted by the subsript µ, the result
ρM,µ(ψξ1 ⊗ ψξ2) =
ρM,0(ψξ1 ⊗ ψξ2) exp
(∫
d4x
√−gµ(x)ξˆ(x)
)
× exp
(
i
2
∫
d4x
√−g µ(x) γ(x)
)
, (5)
where g is the determinant of the metri (2), ξˆ is
the omplex solution of the Klein-Gordon equation
determined by the initial and nal oherent states,
ξˆ(x) =
ipiH2
4
∫
d3k
(2pi)3
(
ξ1(k) e
ik·x t3/2Hν(kt)
+ ξ2(k) e
−ik·x t3/2Hν(kt)
)
. (6)
The funtion γ in the last exponential of (5) is the
solution of the inhomogeneous Klein-Gordon equa-
tion,
(+M2)γ(x) = µ(x), (7)
with the following boundary onditions,
γ(t, x)|t<t1 = t3/2Hν(kt)
ipiH2
4
×
∫ t2
t1
dt′
√
−g′(t′)3/2Hν(kt′)µ(t′, x), (8)
for early times t before the soure is swithed on,
and
γ(t, x)|t>t2 = t3/2Hν(kt)
ipiH2
4
×
∫ t2
t1
dt′
√
−g′(t′)3/2Hν(kt′)µ(t′, x), (9)
for late times t after the soure is swithed o. In
the above expressions g′ is the determinant of the
metri (2) expressed in the oordinates (t′, x), and
the Bessel funtions are to be understood as opera-
tors via the mode deomposition of the soure eld.
It is onvenient the write γ in the form
γ(x) =
∫
d4x′
√
−g′G(x, x′)µ(x′), (10)
and G is the Green funtion, solution of the equation
(+M2)G(x, x′) = (−g)−1/2δ4(x− x′), given by
G(x, x′) =
H2
16pi
(
1
4
− ν2
)
sec(νpi)
× F
(
3
2
− ν, 3
2
+ ν; 2;
1 + p− i0
2
)
, (11)
3where F is the hypergeometri funtion and p =
t2+t′2−|x−x′|2
2t′t . The above expression oinides with
the expression of the Feynman propagator in de Sit-
ter spae omputed in [12, 13℄, and we an there-
fore interpret the onditions (8,9) has the Feynman
boundary onditions. The form (5) of the S-matrix
in the presene of a soure eld is similar to the one
obtained by the path integral in the holomorphi
representation [14℄.
Finally we use funtional methods to express a
general interation in terms of the soure interation,∫
d4x
√−g V (x, φ(x)) =∫
d4xV
(
x,
∂
∂µ(x)
)∫
d4y
√−g φ(y)µ(y)
∣∣∣∣
µ=0
.
(12)
Assuming that the interation vanishes for t outside
the interval ]t1, t2[, the amplitude (1), now indiated
with the subsript V , takes the form
ρM,V (ψξ1⊗ψξ2) = exp
(
i
∫
d4xV
(
x,−i ∂
∂µ(x)
))
× ρM,µ(ψξ1 ⊗ ψξ2)
∣∣∣∣
µ=0
. (13)
This expression is independent of t1 and t2 and on-
sequently the restrition on V introdued above an
be removed. Moreover, the limit of asymptoti times
is trivial and (13) is then interpreted as the S-matrix
for the general interating theory.
The seond geometry we are interested in is onve-
niently desribed in terms of spherial oordinates,
in whih the metri (2) takes the form
ds2 =
1
H2t2
(
dt2 − dr2 − r2dΩ2) , (14)
where dΩ2 is the metri on a unit sphere. We will
now ompute the amplitude (1) assoiated with the
spaetime regionM bounded by the hypersurfae of
onstant radius, r = R. Hene,M has one onneted
boundary that we all the hyperylinder in analogy
with the notion of the hyperylinder introdued in
[5℄. We proeed as before by onsidering oherent
states dened in the Hilbert spae HR assoiated
with the hyperylinder, and with wave funtion in
the interation piture given by
ψR,η(ϕ) = KR,η exp

∫ dt dΩdk∑
l,m
×ηl,m(k) t
−1/2Zν(kt)Y
−m
l (Ω)
hl(kR)
ϕ(t,Ω)
)
ψR,0(ϕ),
(15)
where η is the omplex funtion on momentum spae
that parametrizes the oherent state, ψR,0 the va-
uum wave funtion on the hyperylinder of radius R
and KR,η a normalization fator. Here Zν denotes
the Bessel funtion of the rst or seond kind, Y ml
the spherial harmoni and hl the spherial Bessel
funtion of the third kind.
The free amplitude for suh state reads,
ρM,0(ψη) = exp

−H2
4
∫
dk
∑
l,m
k2
× [|ηl,m(k)|2 − ηl,m(k) ηl,−m(k)]
)
, (16)
and is independent of the radius R.
As before, we now look at the interation with a
soure eld µ. Requiring this eld to be onned in
the interior of the hyperylinder, the amplitude for
the oherent state ψη turns out to be
ρM,µ(ψη) = ρM,0(ψη) exp
(∫
d4x
√−gµ(x)ηˆ(x)
)
× exp
(
i
2
∫
d4x
√−g γ(x)µ(x)
)
. (17)
ηˆ is the omplex solution of the Klein-Gordon equa-
tion given by
ηˆ(x) = iH2
∫
dk k
∑
l,m
t3/2Zν(kt)
× Y ml (Ω) jl(kr) ηl,m(k), (18)
where jl is the spherial Bessel funtion of the rst
kind. The funtion γ in the last line of (17) satises
the inhomogeneous Klein-Gordon equation (7), and
an therefore be written via the Green funtion as in
(10). The Green funtion G, dened on the hyper-
ylinder, turns out to be the same Green funtion
that appears in (10), namely the Feynman propaga-
tor (11). The boundary ondition satised by γ an
then be interpreted as the Feynman boundary on-
dition on the hyperylinder, valid for large radius r
outside the soure eld,
γ(t, r,Ω)
∣∣
r>R
= k ihl(kr)
×
∫ R
0
dr′ (r′)2
√
−g′ t2H2 jl(kr′)µ(t, r′,Ω). (19)
g′ denotes the determinant of the metri (14) in the
oordinates (t, r′,Ω), and the Bessel funtions are
to be understood as operators ating on the mode
expansion of µ. Again, we notie that no dependene
on the radius R is present in the amplitude (17).
4To onlude, we apply the same funtional teh-
niques as before, expressing the general interation
as in (12). Assuming that the interation now van-
ishes outside the hyperylinder, we an write the
amplitude for the general interating theory as
ρM,V (ψη) = exp
(
i
∫
d4xV
(
x,−i ∂
∂µ(x)
))
× ρM,µ(ψη)
∣∣∣∣
µ=0
. (20)
Sine R does not appear, the uto on the intera-
tion an be dropped. Being the limit R→∞ trivial,
we interpret (20) as the asymptoti amplitude of the
general interating theory for the oherent state ψη.
Having omputed the asymptoti amplitudes in
the two geometries onsidered here, we now want to
analyze their relation. To this aim we adopt an ap-
proah analogue to that used in [7℄. We fous our
attention on the expression of the amplitudes for the
soure interation in both settings, i.e. (5) and (17).
Considering the same soure eld in the two ases,
namely a soure bounded in spae and in time, we
notie that the last terms of the amplitudes oin-
ide beause in the funtions γ the same propagator
(11) appears. We turn to the seond seond terms
in (5) and (17): They oinide if and only if the
omplex solutions to Klein-Gordon equation, ξˆ and
ηˆ, oinide. It turns out that this equality, namely
ξˆ = ηˆ, denes an isomorphi map between the state
spaes of the two theories, i.e. the Hilbert spae
H1⊗H∗2 assoiated with the boundary of the spae-
time region M = [t1, t2]× R3 and the Hilbert spae
HR assoiated with the hyperylinder. Hene, under
the isomorphism we have: ψξ1 ⊗ ψξ2 ∼= ψη. We are
left with the rst term appearing in (5) and (17),
the free amplitudes in the two settings given by (4)
and (16). It is not diult to show that these free
amplitudes are equal under the isomorphism. For
example, expressing (16) in terms of the funtion
ηˆ, we substitute ηˆ with the expression (6) of ξˆ and
obtain (4):
ρM,0(ψη)
∣∣
ηˆ=ξˆ
= ρM,0(ψξ1 ⊗ ψξ2). (21)
We an then onlude the equivalene of the asymp-
toti amplitudes, interpreted as S-matries, for the
general interating theory, under the isomorphism.
Suh equivalene oers the possibility to study sat-
tering proesses in de Sitter spae from a new per-
spetive. Indeed the amplitude for a transition from
an in-state with m partiles to an out-state with
n partiles an be mapped to the amplitude for an
(m+ n)-partile state dened on the hyperylinder,
and the physial probabilities extrated from the S-
matries of the two desriptions are the same. We
reover here results analogous to those previously
obtained in Minkowski [7℄ and Eulidean spaetime
[8℄, and the onlusions disussed there an be ex-
ported, mutatis mutandi, to de Sitter spae.
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